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Abstract

When flexible structures are subjected to rigid body displacements, their dynamic behavior presents a
coupling between rigid body displacements and flexible modes. Moreover, if these structures are
articulated, their inertia characteristics can vary considerably through time and cause this dynamic
behavior to become highly nonlinear.

The paper presents the principle of a new adaptive controller MIMO. making it possible to render nearly
constant the dynamic behavior of multi-articulated flexible structures in spite of changes in the geometry of
their masses. The principle of this controller is based on the operation in parallel of a number of finite
Gaussian quadratic linear controllers calculated before simulations, for the operating points crossed during
the motion. The global multivariable command generated by the adaptive controller is the sum of the
commands generated by the linear controllers, weighted by functions of rigid body displacements to allow
the smoothing of the control actions on the structure.

Adaptive control is first applied to a rigid bi-articulated structure, then to mono-articulated and bi-
articulated flexible structures equipped with piezoelectric sensors and piezoelectric and electromechanical
actuators. After temporal optimization, the results of the proposed adaptive control are compared with
those of a linear controller. This is done by using two methods, chosen according to whether the structures
are stressed by disturbances or by tracking.

In the case of regulation, the performances of this controller highlight on the one hand, the near-constant
dynamic behavior of the controlled structure by eliminating instabilities, in spite of the considerable
changes of kinetics and, on the other hand, clearly improved performances when compared to a fixed linear
see front matter r 2004 Elsevier Ltd. All rights reserved.
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controller. In the case of a set point tracking, performances in terms of rapidity are also appreciably
improved compared to those of a linear controller, while guaranteeing stability, significant damping and
absolute precision without residual strains when the commands are performed.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

The potential applications of the active control of flexible structures subjected to rigid body
displacements are numerous and varied. For example, in the field of robotics, fast rotations of
articulated arms cause vibratory behavior of the structure incompatible with the precision
requirements at the end of arm obtained by classical controllers. In the space engineering field, the
deployment of very flexible solar panels produces significant dynamic though non-damped
deformations, which considerably influence the orientation of satellites. The dynamic behavior of
mechanisms with on-board flexible rotors used in the field of transportation can be greatly
disturbed by vehicle kinematics. These ever more efficient structures, whose dynamic behavior is
often nonlinear, now require active control. Linear controllers [1] are often ineffective or unsuited
because of the structure’s nonlinear behavior and mechanical couplings: rigid body displacements/
vibration are significant and generate instabilities.

Several approaches have been developed to simulate these couplings in the framework of
flexible multi-articulated structures. The nonlinear motion equations of the flexible structure
subjected to rigid body displacements can be obtained in analytical form by Lagrange equations.
The flexible parts are then approximated by Timoshenko beams [2] or modal forms [3,4] with a
possible explicit formulation in the case of the beams [5]. The use of these methods for complex
structures is difficult. In this case, discretization of geometry by the finite element (FE) method is
adapted [6], but the computer memory capacities required and the computing times are
significant. To reduce them a modal projection adapted to dynamics is employed [7].

The simulation of the coupling between rigid body displacements and vibrations makes it
possible to adjust the controllers precisely and test the proposed control strategies correctly. For
this type of structure, the control methods proposed do not often take these couplings and their
consequences on global feedback into account. Generally, several controllers are used to process
the solid modes and the flexible modes [8,9] independently. They disturb each other via the
mechanical coupling between vibrations/rigid body displacements on the one hand, and between
flexible modes on the other hand. The control performances obtained are low because the gains of
the controller must be limited to maintain stability or else it must be guaranteed by weak coupling.
The robustness of stability is thus appreciably affected. In order to guarantee it, algorithms of
type HN, LTR or of type ‘‘Quantitative Theory Feedback’’ can be used [10–12] but the
performances of these controllers remain non-optimal.

The multivariable controllers can take into account the mechanical couplings [10–13], which
make it possible to minimize the corresponding disturbances. In this case, the control gains can be
optimized by using quadratic linear algorithms with an energy performance criterion. In the case
of the flexible structures, the projection of physical displacements on a modal basis allows the
observation and the control of each mode by independent sensors and actuators [14], whose
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number can be reduced by using an observer and control set [1]. However, projection in modal
space, then modal reduction in the observation and control bands, leads to a risk of instability of
the non-controlled modes: spillover [15].

The main problems in implementing the control of flexible structures are: spillover and
adjustment of the band-width of the controllers and actuators. In the case of a multivariable
controller, the first two problems can be reduced significantly if the model is accurate [11,13], the
control band-width is significant, and that the controller is robust. This method was illustrated by
experimental works [9,16] in the case of SIMO systems. In addition to the actuators generating
rigid body displacements, the piezoelectric actuators make it possible to widen the control band-
width. Many works have been carried out using ceramics in the same way as sensors [9] or
actuators [17,18]. They are used since they are easy to incorporate in the structures owing to their
lightness, compactness and especially the distribution of efforts and strains due to control, causing
the reduction of the corresponding spillover. Pairs of colocalized actuators–sensors, with wide
band-widths are available and usable today [19,20]. Their integration in flexible structures was
initially studied analytically by integrating simplified local relations, where piezoelectric ceramics
was modeled on the basis of uniform stress field [21] and linear [22–24] hypotheses. The transfer
functions of the transducers used characterize the voltage–torque or loading–bending relations
[21], then, an FE approach allowed the elimination of the limitations created by the previous
assumptions by discretizing any geometry of the structure/piezoelectric components assembly [25].
The complete local relations of the piezoelectric material are directly integrated and translated by
structural and electric matrices [26].

In this paper, an adaptive control strategy is developed to control the strongly nonlinear
dynamic behavior of a bi-articulated flexible structure with couplings between rigid body
displacements and vibrations, by using piezoelectric patches and electric motors. The adaptive
control consists in weighting the command of the controllers operating in parallel, and calculated
for the operating points crossed during the motion. The multivariable command (MIMO) is
obtained by interpolating the linear quadratic command of each controller optimized according to
rigid body displacements.
2. Adaptive controller design

The dynamic behavior of multi-articulated structures has strong nonlinearities, primarily due to
the modification of their geometrical configuration during motion. For example, in the case of the
bi-articulated structure schematized in Fig. 1, the strongly nonlinear behavior is induced by the
modification of its moment of inertia around (A; z0) during the rotation of the flexible beam 2.

Consequently, a linear control, formulated from a linear model, is not adapted when the
structure moves away from the point of linearization that permitted calculating the controller: the
more the structure moves away from this point, the more the performance and robustness of the
control degrade until instability. It is therefore necessary to guarantee the stability and improve
the performance of the control by taking the geometrical modification of the structure into
account.

In addition, the vibrations of beam 2 are coupled with the displacements of rigid bar 1 and with
the rotation of its own rigid body. Control must therefore be global in order to maximize
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Fig. 1. Bi-articulated flexible structure configuration and parameters.
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performance and minimize spillover between the rigid and flexible modes. A global linear control
of a linear structure, based on a LQG type algorithm provides good performances [1] and
robustness provided that it is formulated on the basis of an accurate model of the structure to be
controlled.

The control strategy proposed, presented in Fig. 2, uses a finite number of these linear
controllers. They are built for a finite number of operating points crossed during the motion of the
structure and they operate in parallel. When the structure is between two operating points, the
controllers of the closest operating points are selected so that their respective commands
participate in the command transmitted to the actuators.

The linear controllers are calculated on the basis of the model of the structure’s nonlinear
dynamic behavior. This is linearized around each one of the operating points p chosen among
those crossed when the structure is in motion. The state form obtained for the ith operating point
is written as

_x ¼ Aixþ Biui (1)

with x, as the state vector of the structure including nx states, made up of rigid body
displacements, corresponding speeds, modal displacements qj and modal speeds _qj of the structure
reduced to n first modes to be controlled

x ¼ ½h q _h _q�t (2)

and ui as the control vector of the ith controller, Ai and Bi being the respective matrices of the
structure’s dynamics and of the control at the ith operating point.

Once the gains matrices Gi of the linear controllers have been calculated, the vector u of the
global state feedback command of the structure is calculated by weighting the commands of the
linear controllers of the closest operating points. Indeed, the participation of the selected linear
commands must guarantee the continuity of the global command, while ensuring the passage
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Fig. 2. Principle of the adaptive controller.
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from one controller to another. To do this, weighting functions fi (see Fig. 1), which are functions
of rigid body displacements h, are used for each linear controller command. Thus, starting from
the p operating points crossed by the structure, vector u of the global command is thus written as
follows:

u ¼
Xp

i¼1

f iðhÞGix ¼ GðhÞx: (3)

In order to guarantee the progressive evolution of the global command, the sum of the weight
functions is fixed at 1. General stability is thus ensured over the entire operating range while the
modulation of the dynamics of nonlinear control is a function of the number of operating points.

In the case of the bi-articulated flexible structure presented in Fig. 1, y2 is the rigid body
displacement parameter that governs the geometrical modifications of the model of the structure.
When the motion of the structure is such that y2 moves between �p=2 and p=2; the nonlinear
terms change considerably. The corresponding nonlinear controller is presented in Fig. 2 for
sector ð0; p=2Þ when nine linearization points are selected, symmetrical compared to 0 as

½�p=2; �3p=8; �p=4; �p=8; 0; p=8; p=4; 3p=8; p=2�: (4)
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It will have the following form for the nine of linearization points:

u ¼
X9

i¼1

f iðy2ÞGix ¼ Gðy2Þx: (5)

In the case of these bi-articulated structures, the selected interpolation functions fi are simple
limited linear interpolations. Fig. 3 presents the action fields of each controller induced by the
linear interpolation functions.

For each linear controller, it is necessary to ensure the static precision of the control of rigid
body displacements h generated by the torques Cm.This is carried out, on the one hand, by
adding the integral of the error between the displacements and the corresponding set points to
the state vector of the system and, on the other hand, by adding the voltages Va of the actuators
controlling the flexible modes. These voltages are forced to zero, by integration, to obtain a null
curvature of the structure when the static position is reached. The corresponding outputs Yc

necessary to create these integral states are obtained on the basis of the state of the system and
the command of the general controller u, controlling the nu actuators, and weighting each
Fig. 3. Field of action of each linear controller induced by fi functions of linear interpolation.
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command ui:

yc ¼
h

va

( )
¼ CcxþDcu ¼

I 0 0 0

0 0 0 0

� � h

q

_h

_q

8>>>><
>>>>:

9>>>>=
>>>>;

þ
0 0

0 I

� �
Cm

va

( )
: (6)

The state system _xa augmented by nc state variables necessary for the static precision without
curvature is therefore written as

_xa ¼
_x

_p

( )
¼ Aaixa þ Baiuþ Bzz ¼

Ai 0

Cc 0

" #
x

p

( )
þ

Bi

Dc

" #
uþ

0

I

� �
z (7)

with the integral p of the potential correction vector e:

p ¼

Z t

0

e dt; e ¼ yc � z; z ¼
h hc

va 0

( )
: (8)

Since the linear controllers are subjected to stress around their own operating points, their
robustness decreases by as much as the number p of operating points is small. A linear quadratic
(LQ) type algorithm is selected for its robustness once the model is readjusted accurately.
Adjustment of performances and power consumption is carried out by the weightings Qi and Ri

of the performance index Ji

Ji ¼
1

2

Z 1

0

ðxt
aQixa þ u

t
iRiuiÞ dt (9)

with each command ui of linear controllers being written as

ui ¼ �G0
i � xa ¼ �R�1 BT

ai Sixa (10)

with the Gi gain matrices obtained by the minimization of index (9), at an infinite control
horizon, which is carried out by obtaining Riccati matrix S, from the algebraic equation

Si Aai þ A
t
aiSi þ Si BaiR

�1Bt
aiSi �Q ¼ 0 (11)

the linear commands obtained makes it possible to minimize performance losses caused
by the necessarily reduced number of actuators compared to the number of modes to be
controlled [1].

If the model of the structure to be controlled is complex, it is then necessary to optimize the
coefficients of weighting matrices Qi and Ri of the LQ controller used in the calculation of the
gains Gx. In this study, the principle of selected optimization is based on the comparison between
the responses and the simulated commands, with temporal templates subjected to gradual
constraints. This method has the advantage of using physical knowledge of the behavior of the
structure controlled to create the templates, while generating stable control.

The temporal optimization algorithm proceeds by iteration, adjusting the weightings of
performance Qi and Ri until obtaining a controlled response corresponding to the fixed
templates.
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To carry out this optimization, the following nx+nc+nu variables vi, corresponding to the
coefficients of matrices Q and R, are used as design variables

Q ¼ diag ½vi� with i 2 ½1; nx þ nc�; (12)

R ¼ diag ½vi� with i 2 ½nx þ nc þ 1; nx þ nc þ nu�: (13)

After having collected these variables in a vector v and limited their variation by

vinfovovsup: (14)

For each iteration, temporal responses are simulated by the control loop on NP discretized
points. The responses are then compared with the temporal templates (Fig. 11). These
comparisons make it possible to calculate the constraint vector gðvÞ containing the difference of
the responses between the calculated points of the optimized temporal curves and the high and
low bounds of the templates. Thus the optimization problem is reduced to

min
v

l=
gðvÞ � wlp0

vinfovovsup

����� (15)

with w being the constraints weighting vector and l, a positive scalar which imposes maximal
conformity of the constraints while tending towards zero. When this optimization is carried out, w
is updated while assigning a weight to each constraint, which is as great as its degree of violation.
When the progression of the constraints and the optimization variables exceeds a threshold
defined in a convergence criterion, the optimization ends by corresponding to a local minimum.
3. Modeling of instrumented bi-articulated flexible structures

The bi-articulated structure concerned by the study is drawn and parameterized in Fig. 1. The
vibrations of beam 2 are coupled with rigid body displacements of rigid bar 1 and with its own
overall rotation. The structure has strongly nonlinear behavior caused by the modification of its
moment of inertia around ðA; z0Þ during the rotation of beam 2. Bar 1 has mass m1, length, L1 and
inertia I1 in A. It turns at angle y1 around A due to engine torque. Cml. The monodimensional
rectilinear flexible beam 2, has mass m2, length L2, and inertia I2 in B. It turns at angle y2 around B
due to engine torque. Its neutral line, controlled and observed by piezoelectric patches is modeled
by all the material points P, mass, mp, X coordinate gp on ðB;x2Þ; and transverse displacement dp:
The motions are carried out in the horizontal plane ðO; x0; y0Þ: Since gravity is exerted according
to the downward vertical, it does not influence the motion.

The quality of adaptive multivariable control depends on quality of the model. Thus the
following model incorporates, rigid body displacements/vibrations couplings, the non-linearities
induced by rigid body and flexible displacements, and the coupling piezoelectric effects/structure.
It will be fitted optimally further on.

The kinetic energy T of the bi-articulated structure is given by

T ¼ 1
2
I1
_y
2

1 þ
1
2

Z L2

0

mp _r
2
pdgp (16)
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with rp being the position of the point P in the fixed base, which can be expressed based on modal
participations qj established on the associated conservative basis Fp of the n first modes of the
beam, such as

_r2P ¼ L2
1
_y
2

1 þ q
tUt

PUPqð_y1 þ
_y2Þ

2
þ g2Pð_y1 þ

_y2Þ
2
þ _qtUt

PUP _q� 2L1U
t
Pq

_y1ð
_y1 þ

_y2Þ sin y2

þ 2gPUt
P _qð

_y1 þ
_y2Þ þ 2L1gPq

_y1ð
_y1 þ

_y2Þ cos y2 þ 2L1U
t
P _q

_y1 cos y2: ð17Þ

The equations of behavior of beam 2 provided by the actuators and piezoelectric sensors are
written as

r

d

� �
¼

Y Z

Zt �R

� �
s

�e

� �
(18)

with r being the vector of the constraints, d the intensity vector, Y the matrix of elasticity with a
constant electric field, Z the piezoelectric matrix, R the matrix of permittivity evaluated at
constant deformation, s the strain vector, and e the electric field, which can be expressed by the
terminal voltages of the ceramics via matrix Q:

s ¼ Qv: (19)

Sum Pn of the virtual mechanical powers and internal electric powers of instrumented beam 2 is
obtained from (18), and the external electric power of the current supply of ceramics is obtained
by vector qe acting on the vector of the virtual voltage variations, _vn; and the external power of the
electric motors delivering the respective couples Cm1

and Cm2
: By carrying out the modal

projection of the strain by using matrix H, it can be written as

P� ¼ � _qt�
Z

P2S2

HtYH d� ðPÞ

� �
qþ _qt�

Z
P2S2

HtZQ d � ðPÞ

� �
vþ vt�

Z
P2S2

QtZtH d � ðPÞ

� �
q

þ vt�
Z

P2S2

QtRQ d� ðPÞ

� �
vþ vt�qte þ Cm1

_y
n

1 þ Cm2
_y
n

2: ð20Þ

When the structure is discretized by finite elements, a Guyan condensation on NR main nodes
along the beam makes it possible to establish the link between the wired analytical model and the
discretized model, even in the event of 3D meshing. An interpolation using the matrix Np makes it
possible to obtain the following relation:

gp ¼ Npc; dp ¼ Npd; Up ¼ NpU: (21)

Likewise, an interpolation of the discrete modal base using matrix Bs makes it possible to
obtain the link between continuous and discrete models for the strains starting from transverse
displacements d

s ¼ Bsd; H ¼ BsU: (22)

Thus the kinetic energy and the total virtual power of the discretized structure are

T ¼ 1
2
ðI1 þ m2L2

1Þ
_y
2

1 þ
1
2
ðI2 þ q

tqÞð_y1 þ
_y2Þ

2
þ 1

2
_qt _qþ ctMU_qð_y1 þ

_y2Þ

þ Lt
1MU_q_y1 cos y2 þ Lt

1Mðc cos y2 � fq sin y2Þ
_y1ð

_y1 þ
_y2Þ; ð23Þ
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P� ¼ �_q�tUtKUqþ _q�tUtPvþ _v�tPtUqþ _v�tKvþ _v�tqte þ Cm1
_y
n

1 þ Cm2
_y
n

2 (24)

with

K ¼

Z
P2S2

Bt
sYBs dtðPÞ; (25)

M ¼

Z L2

0

mpN
t
pNp dgp; (26)

P ¼

Z
P2S2

Bt
sZQ dtðPÞ; (27)

K ¼

Z
P2S

QtRQ dtðPÞ: (28)

The Lagrange equations are written on the basis of expressions (23) and (24). Then, since the
structure is assumed to be slightly damped, with uncoupled modes, damping is introduced via the
diagonal modal matrix C: The motion equations, including the vibration/rigid body displacement
coupling, of the dynamic behavior of the instrumented bi-articulated structure are then obtained
as

€y1 ¼ ½ðI22 � I2qIq2ÞðC1 � I1qCqÞ � ðI12 � I1qIq2ÞðC2 � I2qCqÞ�=D; (29)

€y2 ¼ ½�ðI12 � I2qIq1ÞðC1 � I1qCqÞ þ ðI11 � I1qIq1ÞðC2 � I2qCqÞ�=D; (30)

€q ¼ Cq � Iq1½ðI22 � I2qIq2ÞðC1 � I1qCqÞ � ðI12 � I1qIq2ÞðC2 � I2qCqÞ�=D

þ Iq2½ðI12 � I2qIq1ÞðC1 � I1qCqÞ � ðI11 � I1qIq1ÞðC2 � I2qCqÞ�=D ð31Þ

with

I11 ¼ I1 þ I2 þ m2L2
1 þ q

tqþ 2Lt
1Mðc cos y2 � Uq sin y2Þ; (32)

I12 ¼ I21 ¼ I2 þ q
tqþLt

1Mðc cos y2 � Uq sin y2Þ; (33)

I1q ¼ Iq1 ¼ ctMU þLt
1MU cos y2; (34)

Iq2 ¼ I t
2q ¼ UtMg; (35)

I22 ¼ I2 þ q
tq; (36)

C1 ¼ Cm1
þ ð2_y1 þ

_y2Þ
_y2L

t
1Mðcos y2Uqþ sin y2cÞ � 2ð_y1 þ

_y2Þðq
t � sin y2L

t
1MUÞ_q; (37)

C2 ¼ Cm2
� _y

2

1Lt
1Mðcos y2 Uqþ sin y2 cÞ � 2ð_y1 þ

_y2Þq
t _q; (38)
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Cq ¼ Av�Kq�L_q� _y
2
FtML1 sin y2 þ ðy1 þ y2Þq; (39)

D ¼ ðI11 � I1qIq1ÞðI22 � I2qIq2Þ � ðI12 � I2qIq1ÞðI12 � I1qIq2Þ; (40)

L1 ¼ NPL1 ¼ NP½L1; . . . ;L1�
t; (41)

K ¼ UTKU ¼ diagðo2
i Þ; (42)

C ¼ diag ð2xioiÞ (43)

and the equation of the piezoelectric/mechanical coupling is given by

Atqþ Kv ¼ �qe (44)

with

A ¼ UtP: (45)

To separate the sensor and actuator ceramics parameters in (29)–(31), the indices c and a are
used in the corresponding symbols, hence (44) can be factorized into

At
aqþ Kava ¼ �qea (46)

At
cqþ Kcvc ¼ �qec (47)

with:

qe ¼
qea

qec

" #
; A ¼ Aa Ac½ �; v ¼

va

vc

" #
and K ¼

Ka 0

0 Kc

" #
: (48)

Conditioning carried out by the charge amplifiers of the signals of the sensors ðqec ¼ 0Þ; (29–31)
become

vc ¼ �K�1
c At

cq (49)

which, introduced into (39) implies

Cq ¼ Aava �Kcq�L_q� _y
2

1F
tML1 sin _y2 þ

_y1 þ
_y2Þ2q (50)

with the matrix of modal stiffness Kc including the feedback effect of the ceramics sensors

Kc ¼ KþAcK
�1
c At

c: (51)

This model was programmed in MATLAB-SIMULINK. Before simulations, linear representa-
tions are carried out with the included algorithm, and simulations of non-controlled and
controlled dynamic behavior are carried out using the algorithm ode45 which is based on an
explicit Runge–Kutta (4,5) formula, the Dormand–Prince pair.
4. Control of a rigid bi-articulated structure

In the model presented above, the flexible beam 2 is replaced here by a rigid bar. It is set in
motion and controlled by two motor reducers delivering the respective torques Cm1

and Cm2

while the rotation of each bar h1 and h2 is measured directly. The motion equations of the rigid
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bi-articulated structure are obtained from (29) and (30) by identifying q and _q by zero, thus

y1 ¼ ½I2ðCm1
þ N1Þ � I12ðCm2

þ N2Þ�=ðI11I2 � I2
12Þ; (52)

_y2 ¼ ½I11ðCm2
þ N2Þ � I12ðCm1

þ N1Þ�=ðI11I2 � I2
12Þ (53)

with:

I11 ¼ I1 þ I2 þ m1L2
1 þ m2L1L2 cos h2; (54)

I12 ¼ I2 þ m2L1L2ðcos h2Þ=2; (55)

N1 ¼ m2L1L2 sin y2ð
_y1 þ

_y2Þ
_y2; (56)

N2 ¼ �m2L1L2
_y
2

1ðsin
_y2Þ=2: (57)

Eq. (52) and (53) are rewritten in the following state form:

_x ¼ Axþ Buþ p ¼
d

dt

h

h2

_h1

_h2

8>>><
>>>:

9>>>=
>>>; ¼

0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

2
6664

3
7775

_h1

h2

_h1

_h2

8>>>><
>>>>:

9>>>>=
>>>>;

þ

0 0

0 0

B11 B12

B21 B22

2
6664

3
7775 Cm1

Cm2

( )
þ

0

0

Nl1

Nl2

8>>><
>>>:

9>>>=
>>>; (58)

with

B11 ¼
I22

I11I22 � I2
12

; B12 ¼ B21 ¼
�I12

I11I22 � I2
12

; B22 ¼
I11

I11I22 � I2
12

(59)

Nl1 ¼
I22N1 � I12N2

I11I22 � I2
12

; Nl2 ¼
I11N2 � I12N1

I11I22 � I2
12

: (60)

For the characteristics of the structure given in Table 1, terms Nli of vector p, which models
centrifugal type effects, are slightly nonlinear, whereas terms Bij of the matrix B, whose
progression is shown in Fig. 4, are strongly nonlinear.

The adaptive controller is established from (5) by using the nine linearization points (4). tatic
precision is ensured by an integrator on each variation of rigid body displacements y1 and y2; with
the rotation set points y10 and y20 to be reached

yc ¼
_y1

_y2

( )
; z ¼

_y10

_y20

( )
: (61)
Table 1

Bi-articulated rigid structure characteristics

Characteristics Rod 1 Rod 2

Length (m) L1=0.5 L2=0.5

Mass (kg) m1=0.09 m2=0.09

Inertia (kgm2) I1=19 10�4 I2=19 10�4
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The augmented state xa is thus described by

xa ¼ y1; y2; _y1; _y2;

Z
ðy1 � y10Þ dt;

Z
ðy2 � y20Þ dt

� �t

: (62)

The selected weight functions fi are linear. They give the fields of action of the linear controllers
presented in Fig. 3. For each operating point i, the gains matrices Gi are calculated by using
matrices Ai and Bi of the corresponding linearized models (1), and the diagonal weighting matrices
Qi and Ri of the performance index Ji (9).

The first adjustment of weightings is carried out independently for each controller in order to
optimize the elimination of the disturbances for any geometrical configuration. The robustness of
both stability and performance can thus be modulated according to the geometrical configuration.
Here, the objective is to obtain a nearly constant damping and close to critical damping for any
configuration of the structure, as well as maximum rigidity and perfect static precision. First of all,
the adjustment principle is to adjust the first linear controller on the basis of the temporal
simulations around position y2 ¼ 0; by choosing each of the 6 weightings Q0 and the 2 weightings
R0. The adjustment of the weightings for this position is then optimized by using a temporal
template. Then, the adjustment of weightings Qi and Ri, used in the performance index (9) of the
other controllers is optimized frequentially in order to obtain the same damping for the poles in a
closed loop. Since the progression of the dynamic behavior of the structure must be symmetrical
in relation to position y2 ¼ 0; the symmetry of the weightings therefore limits the adjustments to
operating points i=p/8, p/4, 3p/8, p/2. The 8 5=40 weightings chosen after temporal
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Table 2

Weight for each linear controller for the ‘‘same damping’’ adjustment—rigid bi-articulated structure

i=y2 Weight

(operating point) q11 q22 q33 q44 q55 q66 r11 r22

0 6.65e4 6.64e3 1.24e2 5.13e0 2.99e7 3.19e6 9.98 3.74

p/8 and �p/8 2.15e5 3.46e4 2.34e2 2.58e1 8.80e7 1.66e7 44.2 13.1

p/4 and �p/4 2.50e4 4.27e3 2.14e1 2.86e0 1.04e7 2.04e6 6.56 0.518

3p/8 and �3p/8 1.26e4 2.71e3 3.87e0 1.18e0 5.29e6 1.28e6 5.74 0.281

p/2 and �p/2 2.20e5 5.05e4 1.60e2 2.75e1 8.43e7 2.42e7 178 9.75
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optimization and the 4 frequential optimizations reduced to the calculation of the poles alone,
are given in Table 2 based on a disturbance in steps of 2 and 1Nm, respectively, on torques Cm1

and Cm2
:

Fig. 5 presents the position of the poles in the complex plane as the geometrical configuration of
the structure moves. The results show the sliding of the poles in closed loop when rotation y2

changes. In the case of a fixed linear controller established for y2 ¼ 0; the loss of damping is
significant and the position of the poles moves considerably, revealing significant change of the
dynamic behavior of the controlled structure, to the detriment of the stability margin. In the case of
the adaptive controller calculated for the operating points and i=0, p/4, and p/2 with linear
weighting functions fi, the poles are maintained close to constant damping, with a controlled
progression of speed, revealing a slight change of dynamics in spite of the geometrical modification
of the structure: the dynamics obtained is therefore robust in terms of stability and performance.

Fig. 6 presents the temporal responses of the linear y2 ¼ 0 and adaptive controllers during
disturbance steps of 2 and 1Nm, respectively on torques Cm1

and Cm2
: The effectiveness of the

controllers for a zero fixed control is tested by simulating the responses around position y1 ¼ 0 of
the first bar and for the positions of the second bar. To achieve this, the position order z is equal
to the initial position ð0; y20Þ: The linear controller shows a significant loss of performance as the
structure moves away from the linearization point ðy2 ¼ 0Þ: On the other hand, the adaptive
controller maintains the same equilibrium establishment times and the same damping for the
various disturbance positions y20 .

The second adjustment of weightings aims at optimizing the time of equilibrium establishment
during the tracking of set points ðy1 ¼ 1801; y1 ¼ 901Þ while limiting the global command of the
actuators to 5Nm. In this case, the tracking is established by sweeping the various operating
points, and by making all the linear controllers participate during the motion of the structure. The
adjustment principle is based on the simultaneous optimization of the weightings of all the linear
controllers by using a temporal gauge. Taking into account the symmetries, the simultaneous
optimization of the significant number of weightings was reduced by considering only three
different linear controllers, corresponding to the operating points of: y2=0, p/4, p/2.
Optimization concerns 24 parameters. The weightings chosen after temporal optimization are
given in Table 3.

Fig. 7 presents the temporal curves of the responses and the commands for this second
adjustment. The time of equilibrium establishment while tracking of set points ðy1 ¼ 180�; y1 ¼ 90�Þ
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to the adaptive controller is much faster than that of all the linear controllers ðy2 ¼ 0Þand p/2
presented here). Indeed, the adaptive controller allows optimizing the use of the engines by using
powers higher than those of the linear controllers, in particular, at the beginning of the movement
(see the torques Fig. 7).

In the case of two rigid bars, the adaptive controller proposed is more efficient than the linear
controllers, for control and during the tracking. Moreover, it guarantees stability and makes it
possible to obtain flexible dynamics according to the motion of the bi-articulated structure.
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Table 3

Weight for each linear controller for the second adjustment (set points tracking y1 ¼ 180�; y1 ¼ 90�)—rigid bi-

articulated structure

i=y2 Weight

(operating point) q11 q22 q33 q44 q55 q66 r11 r22

0 3.24e1 1.97e1 9.10e�5 5.37e�3 2.40e1 3.80e2 2.18e�3 9.60e�3

p/4 and �p/4 2.16e0 1.16e0 7.97e�5 2.90e�2 4.68e2 2.04e3 1.78e�1 6.06e�3

p/2 and �p/2 5.18e0 4.26e1 7.51e�5 2.34e�3 4.21e2 5.45e3 7.85e�2 6.06e�3
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5. Control of flexible bi-articulated structures

The control principle presented above (Section 2) can be applied to mono or multi-articulated
flexible structures by adapting the modeling detailed in Section 3. In this case, taking into account
the limited band-width of the motor reducers, it is necessary to finalize their action by using
piezoelectric actuators (here piezoelectric patches stuck on the structure), that control the flexible
modes outside the band-width of the engines. The design proposed for the instrumented flexible
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structures includes four piezoelectric ceramics. Two ceramics constitute a bimorph actuator while
the two others are used as strain sensors. The characteristics of these components are given Table
4. The objective selected for control is to perform the rotation command as quickly as possible,
without static stress generated by the piezoelectric actuators, while damping the vibrations of the
first flexible modes of the flexible beam to the maximum, and without destabilizing the other
modes.

The model of structure (29–31) developed under Ansyss comprises the FE model of the
structure provided with ceramic sensors and actuators (Fig. 8). The types of FE which discretize it
were selected in order to guarantee their connection. The discretized beam is composed of 43
volume elements (SOLID 45) with eight nodes with three degrees of freedom (dof) per node.
Piezoelectric actuators and sensors are respectively meshed by 4 and 3 volume elements (SOLID
5) with eight nodes with three translation (dof) and one electric potential (dof) per node. The
electric potentials of all the nodes of the beam/ceramic sensor are constrained to zero, and those of
the nodes of each external face set at the same potential as the uniform potential of the
corresponding silver electrode. The potential of the ceramic actuators is kept at 0V and those of
the ceramic sensors is left free in order to allow piezoelectric feedback. Then the FE 3D model was
condensed into 42 master nodes.
Table 4

Characteristics of the components

Parameter Value Unit

Rod 1

Length (L1) 500 mm

Mass (m1) 0.9 kg

Inertia (I1) 7.5 10�2 kgm2

Beam 2

Length (L2) 715 mm

Width 30 mm

Thickness 2 mm

Young’s modulus 69 000 MPa

Density 2770 kgm�3

Mass (m2) 160 g

Inertia (I2) 4.2 10�2 kgm2

Piezoelectric ceramics

Actuator length 70 mm

Sensor length 40 mm

Width 25 mm

Thickness 0.5 mm

Young’s modulus 114 000 Mpa

Density 7460 kgm�3

Piezoelectric constant(d31) �127 10�12 mV�1

Motor/reducers

Inertia(I0) 344 10�5 kgm2
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Fig. 8. Finite element model of the flexible beam
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At first, a modal study was carried out to obtain the M modal mass matrix, Kc modal stiffness,
mode shape F, and modal forms of the electric potentials of the sensors Ac: A static study was
then carried out to obtain the modal activation vector Aa of the bimorph actuator. Thus the
potentials of+1 and –1V, respectively, were applied to each ceramic composing the actuator. The
equilibrium of the structure was then obtained from

Kcqa ¼ Aa (63a)

da ¼ Uqa (63b)

with qa being the modal participations of static displacement da of the master dof calculated by
projection on the modal basis

qa ¼ ðUtUÞ
�1Utda: (64)

The activation vector was then obtained by

Aa ¼ KcðU
tUÞ

�1Utda: (65)

The model of the flexible beam instrumented, clamped–free, obtained for null rotations y1 and
y2, was accurately fitted by optimization based on experiments implementing the piezoelectric
actuators and sensors and with a displacement sensor at the end of the beam [27]. The mode
shapes and the frequencies obtained after optimized fitting are given Fig. 9.

5.1. Mono-articulated flexible beam

The model of the clamped–free instrumented flexible beam was used to carry out the control of
the rigid body mode and the first two flexible modes of a mono-articulated flexible structure
clamped on the rotor of a motor reducer. The control carried out by an engine and a bimorph
piezoelectric actuator, a potentiometer of precision and two piezoelectric ceramics sensors, is
presented in [27].
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The beam is mono-articulated, so the non linearities induced by the variation of inertia around
ðA; z0Þ during the rotation of the second beam do not exist. The controller was thus limited to only
one linear controller. The control objectives here are to carry out a rotation set point tracking
precisely and as quickly as possible, by damping out the vibrations to the maximum and by
eliminating any permanent curvature.

To calculate the controller, the model was linearized and put in state form. In order to obtain
good precision in the performance of the rotation set point tracking, and a null static curvature of
the beam, the state ðy1; q; _y1; _qÞ was augmented by the integral of the rigid body rotation variationR
ðy1 � zÞ dt and by the integral

R
ðy1 � zÞ dt of the piezoelectric actuator control va. After

temporal optimization starting from a template (see [27]), the weightings selected for the
controller Q and R, and for the observer Qobs and Robs are:

Q ¼ diag ð 2:473 1:08 1:07 0:752 2:693 1:534 2:614 1:02 Þ;

R ¼ diag ð 25 50 Þ;

Qobs ¼ diag ð 16 1 0:1 16 13 13 Þ;

Robs ¼ diag ð 0:5 0:5 0:5 0:5 Þ: ð66Þ

The bench used for the control of the dynamic behavior of the mono-articulated flexible
structure is presented in Fig. 10. The results of the experiment corresponding to the adjustment
(66) and for the 120 1 rotation set point tracking can be compared in Fig. 11 with those given by
corresponding simulations.

The comparison of the results shows that the experiment validates the simulations carried out
based on a model accurately fitted by three successive optimizations. The control obtained is
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Fig. 10. Experimental set-up of the instrumented mono-articulated flexible structure.

Fig. 11. Simulated and measured responses and commands of the controlled mono-articulated flexible structure—120 1

step set point tracking.
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efficient. The tracking is performed quickly and precisely with significant damping of vibrations.
Indeed, modal damping slips from 0, 0.48, 0.42 to 13, 4.5, 1.4, respectively, at frequencies 0, 3.93
and 22.4Hz.

Since friction in the motor reducer is opposed to the rotation of the structure, the dynamic
behavior slips from ‘‘supported–free’’ to ‘‘clamped–free’’ to 1.05 s. In this case, the flexible modes
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Fig. 12. Simulated and measured responses and commands of the controlled mono-articulated flexible structure—120 1

step set point tracking—operated without a piezoelectric actuator.
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are wholly controlled by the piezoelectric actuators. Their effectiveness is shown in Fig. 12, where
the same rotation set point tracking is carried out, but without any action by the piezoelectric
actuator.

For the mono-articulated structures, whose vibrations are coupled with rigid body
displacements and whose technological choices prove adapted, the results therefore show
that global linear control is adapted and effective when modeling is done accurately (optimized
fitting).

5.2. Bi-articulated flexible structure

In this part of the study, the structure presented in Fig. 1, which has strongly nonlinear
behavior caused by the modification of its moment of inertia around ðA;~z0Þ during the rigid body
rotation of beam 2, the model proposed in Section 2, and the adaptive control method presented
Section 1 are used . The selected control objectives are to perform the rotation set point tracking
as quickly as possible, while controlling the vibrations of the two rigid body modes and the
first five flexible modes of beam 2, in particular at the end of the structure, by eliminating
permanent strain.
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The adaptive controller is based on (5) by taking the nine points of linearization (4) into
account. To calculate the controller, the model was linearized on each operating point and put in
state form (1).

Static precision is ensured by an integrator on each variation between rigid body displacements
y1 and y2 and the rotation set point tracking y10 and y20 to be performed, and by the integralR

va dt of the control va of the piezoelectric actuator, to ensure a null curvature. Thus the state
vector used by the controller is

xa ¼ y1 y2 q1 q2 q3 q4 q5 y2
_y2 _q1 _q2 _q3 _q4 _q5

Z
ðy1 � y10Þ dt

Z
ðy2 � y20Þ dt

Z
va dt

� �t

: (67)

As previously, the selected weight functions fi are linear. They give the action field of the linear
controllers presented Fig. 3. For each operating point i, the gains matrices Gi are calculated
starting from matrices Ai and Bi of the corresponding linearized models (1), and the diagonal
weighting matrices Qi and Ri of the performance index Ji (9).

In order to reduce the number of weightings to be regulated, weightings a3 on the flexible modes
are selected as identical on the modal participations in displacement. In addition, weightings a6 of
the modal participations of the speed selected are coupled by the intermediary of x containing the
pulsations of each mode, in order to ensure the identical damping of each mode in feedback mode

Qi ¼ diag½a1 a2 ½a3 . . . a3�
zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{5times

a4 a5 a6½x�t a7 a8 a9�: (68)

Consequently, there are 12 weightings per linear controller and a total of 60 to be regulated.
The first adjustment of weightings is carried out independently for each controller in order to

optimize the elimination of the disturbances for all the geometrical configurations met. The
weightings of the linear controller establsihed for position y2 ¼ 0 are adjusted by temporal
optimization starting from a template

Qi ¼ diag½7  105 7  104 ½109 . . . 109�

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{5times

103 5 60 ½x�t 3 108 3 107 10�:

(69)

These weightings are re-used for the calculation of the other controllers, giving different gains
Gi (10) by using the Riccati equation (11), solved with state matrices Ai and Bi corresponding to
each operating point crossed.

Fig. 13 shows the sliding of the position of the poles in the complex plane when y2 progresses in
the case of the linear controller established for y2 ¼ 0; and the adaptive controller. In the case of
the linear controller established for y2 ¼ 0; the loss of damping and the progression of rapidity are
significant. Some poles move towards a positive real part corresponding to instability. In the case
of the adaptive controller proposed, the poles of the structure are maintained in the same place,
confirming the constant damping and rapidity of each one. Only the poles of the integrators move
in order to obtain an identical time of establishment for each position. All the poles are
maintained in the complex half plane with a negative real part that characterizes stable control.

Fig. 14 presents the responses y1, y2, and displacement dext at the end of beam 2 of the structure
controlled by the linear controller established for y2=0 and by the adaptive controller proposed.
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The disturbance generated at y20 on the torques of the motor reducers is a step: Cm1
¼ 2 Nm and

Cm2
¼ 1 Nm: Simulations show that the damping of the dynamic behavior of the structure

controlled by the linear controller established for y2=0 decreases as the distance of the
disturbance generated from y2=0 increases. The motion continues until instability for y2=701
and beyond. On the other hand, the adaptive controller maintains the same disturbance rejection
times, with the same damping, and is not unstable whatever the case. The dynamics of the



ARTICLE IN PRESS

LINEAR CONTROLLER θθ2=0

64

66

68

70

0

0.5

1

1.5

2

-1

-0.5

0

0.5

1

θ20 (deg)

U
ex

t (
m

m
)

64

66

68

70

0

0.5

1

1.5

2

-0.6

-0.4

-0.2

0

0.2

0.4

θ20 (deg)
Time (s)

U
ex

t (
m

m
)

ADAPTIVE CONTROLLER

64

66

68

70

0

0.5

1

1.5

2

-0.2

-0.1

0

0.1

0.2

θ20 (deg)

θ 2
(d

eg
)

64

66

68

70

0

0.5

1

1.5

2

-0.05

0

0.05

0.1

0.15

0.2

θ20 (deg)
θ20 (deg)

Time (s)

Time (s)

Time (s)

Time (s)

Time (s)

θ 1
  (

de
g)

64

66

68

70

0

0.5

1

1.5

2

-0.05

0

0.05

0.1

0.15

0.2

θ 1
  (

de
g)

64

66

68

70

0

0.5

1

1.5

2

-0.3

-0.2

-0.1

0

0.1

0.2

θ20 (deg)

θ 2
  (

de
g)

Fig. 14. Responses of the bi-articulated flexible structure for a step type disturbance generated to y20 (Cm1: 2 NM; Cm2:

1 NM).

L. Gaudiller, S. Bochard / Journal of Sound and Vibration 283 (2005) 311–339 335



ARTICLE IN PRESS

0 0.5 1 1.5 2 2.5 3 
0 

50 

100 

150 

200 

θ 1
 [

D
eg

re
es

]

0 0.5 1 1.5 2 2.5 3 
0 

20 

40 

60 

80 

100 

0 0.5 1 1.5 2 2.5 3 
-0.03 

-0.02 

-0.01 

0 

0.01 

0.02 

E
nd

 o
f 

be
am

 d
is

pl
ac

em
en

t [
m

] 
θ 2

 [
D

eg
re

es
]

0 0.5 1 1.5 2 2.5 3 
-10 

0 

10 

20 

C
m

1 
[N

m
] 

0 0.5 1 1.5 2 2.5 3
-5

0

5

0 0.5 1 1.5 2 2.5 
-1000

0

1000

Pi
ez

o 
ac

tu
at

or
 v

ol
ta

ge
 [

V
] 

C
m

2 
[N

m
] 

Time [s] 

3
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adaptive controller is maintained constant, in spite of the change in the structure’s characteristics.
Consequently, the responses highlight the robustness of the stability and performance of the
adaptive controller.

The second adjustment aims at optimizing the time of establishment of a rotation tracking of
set points ðy1 ¼ 180�; y1 ¼ 90�Þ while limiting the global control to 12Nm for the actuator
generating Cm1

; to 5Nm for the actuator generating Cm2
and to 5V on the input of the high

voltage amplifier of the piezoelectric ceramic actuators.
The tracking sweeps the various operating points chosen for the adaptive controller. Thus all

the linear controllers take part in the control as the structure moves. The adjustment of the
weightings of all the controllers is carried out simultaneously. They are optimized based on a
temporal template of the responses and the commands.

Fig. 15 presents the responses and the commands of the controlled bi-articulated flexible
structure corresponding to the linear controller established for position y2=0 and to the adaptive
controller. Comparison of the responses shows that the controller appreciably improves the
performances of the control, in particular the rapidity, without harming precision and damping.
The adaptive controller allows the use of motors 1 and 2 for longer periods at maximum power at
the beginning of the movement, in order to increase rotation speed, without causing detrimental
effects to the vibrations of the flexible beam via the piezoelectric actuator.
6. Conclusion

A new adaptive control method was presented in this paper to control the dynamic behavior of
rigid and flexible multi-articulated structures subjected to rigid body displacements. Without
control, these structures present dynamic behavior revealing considerable modification of their
kinetic characteristics during motion, therefore strongly nonlinear dynamic behavior with
coupling between the vibrations of the flexible parts and rigid body displacements.

Adaptive control is based on the parallel operation of LQG linear controllers whose commands
are weighted by weighting functions according to changes in the geometry of the masses of these
structures. To this end, the modeling of the studied structures was accurate and fitting was
optimized.

In the case of regulation, the performances of this controller highlight on the one hand, the
near-constant dynamic behavior of the controlled structure, in spite of the considerable changes of
kinetics and, on the other hand, clearly improved performances when compared to a fixed linear
controller. These performances require temporal optimization based on response and command
templates. The adaptive controller proposed is thus well adapted to the rejections of disturbances
in the case of coupling between rigid body displacements and vibrations. It is particularly robust
in terms of stability and performance in relation to the internal changes of the structure.

In the case of a set point tracking, performances in terms of rapidity are also appreciably
improved compared to those of a linear controller, while guaranteeing stability, significant
damping and absolute precision without residual strains when the commands are performed.
These performances require a certain amount work to achieve optimization.

The study was continued by replacing the weighting functions by a step by step progression of
the controller based on information on rigid body displacements and the real-time calculation of
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changes in kinetics. However, performances were not improved since there was no change in this
case of the weighting matrices of the linear controllers.

The study can be extended to multi-articulated and two-dimensional structures by using the
principle of this adaptive controller.
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